A half-arc-transitive graph is a regular graph that is both vertexand edge-transitive, but is not arc-transitive. If such a graph has finite valency, then its valency is even, and greater than 2. In 1970, Bouwer proved that there exists a half-arc-transitive graph of every even valency greater than 2, by giving a construction for a family of graphs now known as B(k, m, n), defined for every triple (k, m, n) of integers greater than 1 with 2 m ≡ 1 mod n. In each case, B(k, m, n) is a 2k-valent vertex-and edge-transitive graph of order mn k−1 , and Bouwer showed that B(k, 6, 9) is half-arc-transitive for all k > 1.
Introduction
In the 1960s, W.T. Tutte [10] proved that if a connected regular graph of odd valency is both vertex-transitive and edge-transitive, then it is also arctransitive. At the same time, Tutte observed that it was not known whether the same was true for even valency. Shortly afterwards, I.Z. Bouwer [2] constructed a family of vertex-and edge-transitive graphs of any given even valency 2k > 2, that are not arc-transitive.
Any graph that is vertex-and edge-transitive but not arc-transitive is now known as a half-arc-transitive graph. Every such graph has even valency, and since connected graphs of valency 2 are cycles, which are arc-transitive, the valency must be at least 4.
Quite a lot is now known about half-arc-transitive graphs, especially in the 4-valent case -see [3, 4, 7, 8] for example. Also a lot of attention has been paid recently to half-arc-transitive group actions on edge-transitive graphs -see [5] for example. In contrast, however, relatively little is known about half-arc-transitive graphs of higher valency. Bouwer's construction produced a vertex-and edge-transitive graph B(k, m, n) of order mn k−1 and valency 2k for every triple (k, m, n) of integers greater than 1 such that 2 m ≡ 1 mod n, and Bouwer proved in [2] that B(k, 6, 9) is half-arc-transitive for every k > 1. Bouwer also showed that the latter is not true for every triple (k, m, n); for example, B(2, 3, 7), B(2, 6, 7) and B(2, 4, 5) are arc-transitive.
For the last 45 years, the question of exactly which of Bouwer's graphs are half-arc-transitive and which are arc-transitive has remained open, despite a number of attempts to answer it. Three decades after Bouwer's paper, C.H. Li and H.-S. Sim [6] developed a quite different construction for a family of half-arc-transitive graphs, using Cayley graphs for metacyclic p-groups, and in doing this, they proved the existence of infinitely many halfarc-transitive graphs of each even valency 2k > 2. Their approach, however, required a considerable amount of group-theoretic analysis.
In this paper, we use a cycle-counting argument to prove that almost all of the graphs constructed by Bouwer in [2] are half-arc-transitive, and thereby give an easier proof of the fact that there exist infinitely many half-arc-transitive graphs of each even valency 2k > 2. Specifically, we prove the following:
Theorem. The graph B(k, m, n) is arc-transitive only if and only if n = 3, or (k, n) = (2, 5), or (k, m, n) = (2, 3, 7) or (2, 6, 7) or (2, 6, 21). In particular, B(k, m, n) is half-arc-transitive whenever m > 6 and n > 5.
By considering the 6-cycles containing a given 2-arc, we prove in Section 3 that B(k, m, n) is half-arc-transitive whenever m > 6 and n > 7, and then we adapt this for the other half-arc-transitive cases in Section 5. In between, we prove arc-transitivity in the cases given in the above theorem in Section 4. But first we give some additional background about the Bouwer graphs in the following section.
Further background
First we give the definition of the Bouwer graph B(k, m, n), for every triple (k, m, n) of integers greater than 1 such that 2 m ≡ 1 mod n.
The vertices of B(k, m, n) are the k-tuples (a, b 2 , b 3 , . . . , b k ) with a ∈ Z m and b j ∈ Z n for 2 ≤ j ≤ k. We will sometimes write a given vertex as Note that the condition 2 m ≡ 1 mod n ensures that 2 is a unit mod n, and hence that n is odd. Also note that the graph is simple.
In what follows, we let e j be the element of (Z n ) k−1 with j th term equal to 1 and all other terms equal to 0, for 1 ≤ j < k. With this notation, we see that the neighbours of a vertex (a, b) are precisely the vertices (a + 1, b), (a − 1, b), (a + 1, b + 2 a e j ) and (a − 1, b − 2 a−1 e j ) for 1 ≤ j < k, and in particular, this shows that the graph B(k, m, n) is regular of valency 2k.
Next, we recall that for all (k, m, n), the graph B(k, m, n) is both vertexand edge-transitive; see [2, Proposition 1] . Also B(k, m, n) is bipartite if and only if m is even. Moreover, it is easy to see that B(k, m, n) has the following three automorphisms:
, obtained by increasing its first entry a by 1 and multiplying the others by 2, and
(Note: in the notation of [2] , the automorphism ψ is T 2 • S 2 .) The automorphisms θ and ψ both fix the 'zero' vertex (0, 0) = (0, 0, . . . , 0), and θ induces a permutation of its 2k neighbours that fixes each of the two vertices (1, 0) = (1, 0, 0, . . . , 0) and (−1, 0) = (−1, 0, 0, . . . , 0) and induces two (k − 1)-cycles on the others, while ψ swaps (1, 0) with (1, e 1 ) = (1, 1, 0, . . . , 0), and swaps (−1, 0) with (−1, −2 −1 e 1 ) = (−1, −2 −1 , 0, . . . , 0), and fixes all the others.
It follows that the subgroup generated by θ and ψ fixes the vertex (0, 0) and has two orbits of length k on its neighbours, with one orbit consisting of the vertices of the form (1, b) where b = 0 or e j for some j, and the other consisting of those of the form (−1, c) where c = 0 or −2 −1 e j for some j. By edge-transitivity, the graph B(k, m, n) is arc-transitive if and only if it admits an automorphism that interchanges the 'zero' vertex (0, 0) with one of its neighbours, in which case the above two orbits of θ, ψ on the neighbours of (0, 0) are merged into one under the full automorphism group. We will use the automorphism τ in the next section.
We will also use the following, which is valid in all cases, not just those with m > 6 and n > 7 considered in the next section.
is of one of the following forms, with r, s, t ∈ {1, . . . , k−1} in each case :
, where d = 0 or e s with s = r,
(0, 0) ∼ (1, e r ) ∼ (2, e r +2e s ) ∼ (3, e r +2e s +d), where d = 0 or 4e t , (10) (0, 0) ∼ (1, e r ) ∼ (2, e r +2e s ) ∼ (1, e r +2e s −d), where d = 0 or 2e t with t = s, (11) (0, 0) ∼ (1, e r ) ∼ (0, e r ) ∼ (1, e r + e s ),
(0, 0) ∼ (1, e r ) ∼ (0, e r − e s ) ∼ (1, e r − e s +d), where s = r, and d = 0 or e t with t = s, (14) (0, 0) ∼ (1, e r ) ∼ (0, e r − e s ) ∼ (−1, e r − e s −d), where s = r, and
, where s = r, and
, where s = r, and d = 0 or 2 −1 e t with t = s,
Proof. This follows directly from the definition of X = B(k, m, n).
Note that the 28 cases given in Lemma 2.1 fall naturally into 14 pairs, with each pair determined by the form of the initial 2-
Also is it easy to see that the number of 3-arcs in each case is and the total of all these numbers is 2k(2k−1) 2 , as expected.
The main approach
Let k be any integer greater than 1, and suppose that m > 6 and n > 7.
We will prove that in every such case, the graph X = B(k, m, n) is not arc-transitive, and is therefore half-arc-transitive. We do this simply by considering the ways in which a given 2-arc or 3-arc lies in a cycle of length 6 in X. 
in X with first vertex v 0 = (0, 0) given by Lemma 2.1, the vertex v 3 is never equal to v 0 , the vertex v 1 is uniquely determined by v 2 , and every possibility for v 2 is different from every possibility for v 3 . On the other hand, there are certainly some cycles of length 6 in X, such as (0, 0)
Next, we can find all 6-cycles based at the vertex v 0 = (0, 0) in X.
Lemma 3.2. Up to reversal, every 6-cycle based at the vertex v 0 = (0, 0) has exactly one of the forms below, with r, s, t all different when they appear :
Proof. This is left as an exercise for the reader. It may be helpful to note that a 6-cycle of the first form is obtainable as a 3-arc of type 4 with final vertex 2e r followed by the reverse of a 3-arc of type 11 with the same final vertex. In particular, every 2-arc of the form (0, 0) ∼ (1, 0) ∼ (2, 2e r ) lies in just one 6-cycle, namely (0, 0) ∼ (1, 0) ∼ (2, 2e r ) ∼ (1, 2e r ) ∼ (0, e r ) ∼ (1, e r ) ∼ (0, 0), while every 2-arc of the form (0, 0) ∼ (1, e r ) ∼ (0, e r ) lies in k 6-cycles.
Proof. This follows easily from inspection of the list of 6-cycles given in Lemma 3.2, and their reverses.
At this stage, we could repeat the above calculations for 2-arcs and 3-arcs with first vertex (1, 0) = (1, 0, 0, . . . , 0), but it is much easier to simply apply the automorphism τ defined in Section 2.
Hence in particular, the 2-arcs v 0 ∼ v 1 ∼ v 2 with first vertex v 0 = (1, 0) that lie in a unique 6-cycle are those of the form (1, 0) ∼ (2, 0) ∼ (3, 4e r ), or (1, 0) ∼ (2, 2e r ) ∼ (3, 2e r ), or (1, 0) ∼ (2, 2e r ) ∼ (3, 2e r +4e s ) when k > 2,
−1 e r ), or (1, 0) ∼ (0, −e r ) ∼ (−1, −e r ), or (1, 0) ∼ (0, −e r ) ∼ (−1, −e r −2 −1 e s ) when k > 2.
Let v and w be the neighbouring vertices (0, 0) and (1, 0). We will show that there is no automorphism of X that reverses the arc (v, w).
Let A = {(2, 2e r ) : 1 ≤ r < k}, which is the set of all vertices x in X that extend the arc (v, w) to a 2-arc (v, w, x) which lies in a unique 6-cycle, and similarly, let B = {(0, −e r ) : 1 ≤ r < k}, the set of all vertices that extend (v, w) to a 2-arc which lies in k different 6-cycles. Also let C = {(−1, −2 −1 e r ) : 1 ≤ r < k} and D = {(1, e r ) : 1 ≤ r < k} be the analogous sets of vertices extending the arc (w, v), as illustrated in Figure 1 . Now suppose there exists an automorphism ξ of X that interchanges the two vertices of the edge {v, w}. Then by considering the numbers of 6-cycles that contain a given 2-arc, we see that ξ must interchange the sets A and C, and interchange the sets B and D.
Next, observe that if x = (2, 2e r ) ∈ A, then the unique 6-cycle containing the 2-arc v ∼ w ∼ x is v ∼ w ∼ x ∼ y ∼ z ∼ u ∼ v, where (y, z, u) = ((1, 2e r ), (0, e r ), (1, e r )); in particular, the 6th vertex u = (1, e r ) lies in D. Similarly, if x ′ = (−1, −2 −1 e r ) ∈ C, then the unique 6-cycle containing the 2-arc w ∼ v ∼ x ′ is w ∼ v ∼ x ′ ∼ y ′ ∼ z ′ ∼ u ′ ∼ w, where (y ′ , z ′ , u ′ ) = ((0, −2 −1 e r ), (−1, −e r ), (0, −e r )), and the 6th vertex u ′ = (0, −e r ) lies in B.
The arc-reversing automorphism ξ must take every 6-cycle of the first kind to a 6-cycle of the second kind, and hence must take each 2-arc of the form v ∼ u ∼ z (= (0, 0) ∼ (1, e r ) ∼ (0, e r )) to a 2-arc of the form w ∼ u ′ ∼ z ′ (= (1, 0) ∼ (0, −e r ) ∼ (−1, −e r )). By Corollary 3.3, however, each 2-arc of the form (0, 0) ∼ (1, e r ) ∼ (0, e r ) lies in k different 6-cycles, while each 2-arc of the form (1, 0) ∼ (0, −e r ) ∼ (−1, −e r ) is the τ -image of the 2-arc (0, 0) ∼ (−1, −2 −1 e r ) ∼ (−2, −2 −1 e r ) and hence lies in only one 6-cycle. This is a contradiction, and shows that no such arc-reversing automorphism exists.
Hence the Bouwer graph B(k, m, n) is half-arc-transitive whenever m > 6 and n > 7. If m ≤ 6, then the order m 2 of 2 as a unit mod n is at most 6, and so n divides 2 m 2 − 1 = 3, 7, 15, 31 or 63. In particular, if m 2 = 2, 3, 4 or 5 then n ∈ {3}, {7}, {5, 15} or {31} respectively, while if m 2 = 6, then n divides 63 but not 3 or 7, so n ∈ {9, 21, 63}. Conversely, if n = 3, 5, 7, 9, 15, 21, 31 or 63, then m 2 = 2, 4, 3, 6, 4, 6, 5 or 6, respectively, and of course in each case, m is a multiple of m 2 .
We deal with these exceptional cases in the next two sections.
Arc-transitive cases
The following observations are very easy to verify.
When n = 3 (and m is even), the Bouwer graph B(k, m, n) is always arctransitive, for in that case there is an automorphism that takes each vertex (a, b) to (1−a, −b), and this reverses the arc from (0, 0) to (1, 0).
Similarly, when k = 2 and n = 5 (and m is divisible by 4), the graph B(k, m, n) is always arc-transitive, since it has an automorphism that takes (a, b 2 ) to (1−a, −b 2 ) for all a ≡ 0 or 1 mod 4, and to (1−a, 2 − b 2 ) for all a ≡ 2 or 3 mod 4, and again this interchanges (0, 0) with (1, 0).
Next, B(2, m, 7) is arc-transitive when m = 3 or 6, because in each of those two cases there is an automorphism that takes (a, 0) to (1−a, 0), (a, 1) to (a+1, 2), (a, 2) to (a−1, 1), (a, 3) to (−a, 6), (a, 4) to (a+3, 4), (a, 5) to (1−a, 5), (a, 6) to (1−a, 3), for every a ∈ Z m .
Similarly, B(2, 6, 21) is arc-transitive since it has an automorphism taking
